1-

Vectors

Scalar magnitude and vector magnitude

Scalar quantity: Any quantity defined by its magnitude and whose definition is complete is

called scalar quantity, example: mass, energy, work....

Vector_quantity: Any quantity not completely defined by its magnitude and which requires

the knowledge of its direction is called vector quantity example: displacement, speed,

A vector is an oriented line segment. The vector is represented by a line segment AB of which
A is the origin and B is the end, it is defined by:
-Its direction or support: is the line to which the line segment AB belongs (its support)

- Its direction: is that of the displacement of a mobile from A to B

Its modulus: is the length of the line segment AB and it is denoted by AB or @ .

The vector can also be denoted as follows V
2-Unit vector

Definition: A unit vector u is a vector whose modulus is equal to unity |ﬁ| =1

Let be a vector V parallel to the unit vector

Let the vectors V, and V, be parallel to the unit vectori .

V, =‘\71‘ﬁ and V, = ‘Vz‘ﬁ

% =—=k=> \71 = kV, so the condition for 2 vectors to be parallel is:
2

V,/IV, &V, =kV,

3. Sum of vectors

\71 V/
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S=S"so V,+V, =V, +V, = the vector sum is commutative.
1 2 2 1

S modulus

(ACY =(ADY) +(DCY)
AD=V,+V,cos0
DC=V,sin6
S =(V, +V, cos0) +(V,sin0)
=V} +V,cos’0+2V,V,cos0+V, sin’ 0
S* =V +V, +2V,V,cos0
S=,/V? +V +2V,V,cos 0

Difference of two vectors

D=V,-V,=V,+(-V,)




D=D', V,-V, #V, —V,, so the difference of 2 vectors is not commutative.

D= \/Vlz + V2 +2V,V, cos(n—6)

4-Components of a vector

Any vector V can be written as a sum of two or more vectors. Any set of vectors whose sum

gives the vector V is called components of this vector.
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V=V +V, =Vii+V]
{/VX V., =Vcosa
A% V, =Vsina

y
V=Vcosai+Vsinaj = V(cos ol + sinaj)
V= Mﬁ = u=cosai+sinaj
Components of a vector in space

Vv V. =Vsin0Ocose

ViV, V, =VsinOsin¢g
\Y V, =Vsinf

z



V=V, i+V,j+Vk
Vi =V24V;
VZ=VI+V+V;

V= VI+V?+V?

Sum and difference of vectors

le VZx
Vl Vly V2 V2y
Vlz VZZ

\71 + vz = (le + V2x )I + (Vly + V2y )3 + (Vlz + VZz )l_é
Vx = zvix
Vv, = Zviy
Vz = zviz

Same thing for a difference.

5- Direction cosines

Let o, B and y be the angles that the vector V makes with the axes Ox, Oy and Oz

respectively.
V. =Vcosa
V, =Vcosf
V, =Vcosy

VI=VI+V +V; :\/2(cos2 o +cos’ B+ cos’ }\,):>COS2 a+cos’ B+cos’ A =1

cosa, cosf} and cosy are the direction cosines of the vector V



V=V

=V,i+V j+Vk

= Vcosoai + Vcos[ﬁ + Vcos ylz

= V(cos ol +cos B} + cos yﬁ): Ui = cosai +cos [ﬁ + cos yE
The direction cosines are the components of the unit vector i of V .
6-Scalar product

The scalar product of two vectors V, and V, denoted V,.V,, is a scalar quantity equal to the

product of the modulus of the two vectors by the cosine of the angle formed by the two

vectors.
V.V, = ‘\7] H\#fz‘cos(\q/1 ,\72)=‘\71 H\Z‘cosﬁ
V.V, >0 iflg <=

\71 .\72 =V,V, cos(ﬁl,\ﬁfz)

\72 .\71 =V,V, cos(vz,vl)

cos(V,, V, )= cos(V,,V, )= V,.V, = V,.¥,
The scalar product is commutative.

Distributivity

V,.(V, + V)= V.V, + V..V,



The scalar product is distributive

Unit vectorsf, 3, k
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Scalar product as a function of the components

X, X,
Vily, VLY,
Z, Z,

|

v, = (xﬁ +y, ]+ zlfc)(xzf +y,]+ 2212)

=XX,+ty,y,t2,z,

|
i

-V, =X X, + Yy, T 2,2,

1

V=x’+y’+7’
=Jx*+y’ +27°

Direction cosines

\Y%
v

V.i
coso = —-
v
cosfP = TJ
v
Vk
COSY = —



Projection of a vector
v,
A | _
u \Y%
Projection of V, onto V

pTOj\ﬁ]l/\ﬁ]:_']'ﬁ u=

<|<

7-Vector product
Definition: The vector product of two vectors V,and V,denoted V, AV, is a vector
perpendicular to the plane containing \71 and \72 , and its direction is that of the displacement

of a straight screw going V, from to V, .

[V, AV, = V)V, 5in0
\71 A \72 = —\72 AV, The vector product is not commutative.
VIV, =V, V,)=0 . V, AV, =0

If the two vectors are parallel, their vector product is zero.
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;AEI—jATIE
jak=-kaj=1i
kni=—ink=]
;Afszj:EAﬁzo

The vector product is distributive with respect to the addition

VoAV, + V)=V, AV, +V, AV,



The vector product as a function of the components

X, X,
Vily, VLly,
Z Z,

V, AV, = (xlf +y, ]+ ZIE)/\ (xzf +y,]+ 2212)
= (Y1Z2 _Y221)T+(X2Z1 _X1Z2)3+(X1Y2 _XzY1)E

Or using the determinant, it is written as follows:

+ -+
- - |1 ]k
1N\ Vo

X,y zZ

X, Y, 7,
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‘\71 A \72‘ =V,V,sin0
=Vh
The modulus of the vector product represents the surface of the parallelogram formed by the

two vectors.

8- Mixed product

We define the mixed product of three vectors \71,\72 and \73 by the scalar magnitude

= (V, AV,)




‘\72 A \73‘ is the surface of the parallelogram formed by V, and V,
VoV AV = [V, AV [prof, 1V, AV,
=Sh
So \71.(\72 /\\73) represents the volume of the parallelepiped constructed by the vectors \71 ,\72
and V,
The mixed product is unchanged if we perform a circular permutation.
V,.(V, AV))=V,.(V, AV,) = V,.(V, A V)

Mixed product as a function of the components

X, X, X3
Vily, V,1y, Vily,
Z, Z, Z3
+ -+
. - |x z
V.V, AV A
X, Y, 7z,

X3 Y3 Zy

=X, (Y225 = ¥32,) +Y, (X532, —X,25) +2,(X, Y5 — X3Y,)

9- Moment of a vector

We define the moment of a vector ABwith respect to any point O as follows:
M_. =—OAAAB
AB/O

The moment of a vector with respect to an axis A est:
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— S
AB/A AB/O
u is a unit vector carried by A

10-Vector derivatives

Let b a vector function, the derivative of the vector is defined as follows:

v _ V(e an -V
dt At—0 At

dv dv, - dV,-. av, -
—= i+ j+ k
dt dt dt dt




dv,

v, |t
Vv, dvidv,
dt | dt

V., v,
dt

The derivative of a vector is equal to the derivative of its components.

Properties

d ~ dv, 4V

—(V,+V,)=—1+—2
(Vi+V,) %

i(}\\?):@\? }Ld_V

dt dt dt

d - - v, - dVv

—(V,.V,)=V,—2+V, —L

dt( 1 2) 1 dt 2 dt

d dv dv

a(VIAV2)= LAV, +V, A dt2



