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Solutions to the Mathematics 2 Exam

Solution 1 (6 pts)

Consider
1 2 1
A, = a 2a 2«
0 4o 4
1. Invertibility of A, and rank
Computation of the determinant
1 2 1
det(A,) = |a 2a 2«
0 4a 4
Expanding along the first row:
20 2« a 2« a 2a
det(Aa)—14a 4 —20 A —l—lO dor

= 1(8a — 8a?) — 2(4a) + 4a?

= 8a — 8a? — 8« + 4a?

det(Ay) = —4a? (1pts)

Hence,

A, is invertible <= det(A,) #0

‘Aa is invertible <= a#0 <= a €R" (0, 5pt)

Rank of 4,
e If o # 0, then det(A,) # 0, therefore
rank(4,) =3 (0, 25pt)

o If =0,

1 1
Ag=1{0 0
0 4

o O N

=

The two nonzero rows are linearly independent, hence

rank(A4g) = 2 (0, 25pt)



2. Study of the system (S,)

(a) Matrix form of the system
The system is

T+2y+z=—-4
ar + 20y + 202 =0

day + 4z =12
Let
x -4
X=1vy]|, B=1|0
z 12
Then
A, X =B
that is,
1 2 1 x —4
a 2a 2« yl=120 (0, 5pt)
0 4a 4 z 12

(b) Solving the system for o = 1 using Cramer’s rule

For a =1,
1 2 1
A=11 2 2
0 4 4
and
—4
B=|0
12

det(A;) = —4(1) = -4 #0 (0.25pt) = A is invertible.
Therefore, the system has a unique solution.

-4 2 1

det(A 24
a={0 2 2], (02p) det(a) =24, (05pt) w= AN 2o o5
12 4 4 det(A) —4
1 -4 1
A 4
Ay =11 0 2|, det(ds)=4, y= (ilet( AQ) === —1. (1pts)
0 12 4 et(4) -
1 2 —4
As=11 2 0 |, det(4s)=-16, =z= (iiet(ilj) = _—T =4. (1pts)
0 4 12 et(4) -
Then, S = {(z,y,2) = (—6,—1,4)}, is a unique solution of system (S7). (0.25 pt)

Solution 2 (2 pts)
We consider the matrices

1 2 1 2 -1 3 4 5
a=(40) =00 5) e=( 4 0)



i. Determine the real numbers x and y such that

AxB=C.
12\ (12 -1\ (3 4
-1 1 z y 3 -1 4
1420 242 —146\ (3 4 5
(ac—l y—2 1+3) (0 1 4)'(1'25pt)

(1+2x 2+ 2y 5>(g 4 Z) (0, 25p1)

(S
N—

o

xr—1 y—2 4

Since AB = C, we identify the corresponding entries:

1+2x=3
242y=4
r—1=0
y—2=-1
From
1+2x=3
we obtain
(0.25pt)
From
242y=4
we obtain
(0.25pt)
Therefore,

‘le and y:l‘

Solution 3 (5 pts)

Let
x In(cos z)

xTr) = "
J@) = T Ts s = oine

i. Calculate the limited developments of order 3 at 0 of

zln(cosz) and 1+ zyV1+z — 0%,

Development of zIn(cos z)
We use the classical expansion:

2
cosx =1-— % + o(z?) (0.5pt)

Hence
22

In(cosz) = In (1 -5 + 0(x2)>

Using
u?  ud
In(l14+u) =u— -+ 3 + o(u®) (0.5pt)
with
72

u=-—7 + o(z?), (0.25pt)

we obtain



Multiplying by x:
3
zln(cosz) = —% Yo(z®)  (0.5pt)

Therefore,

3
xIn(cosz) = -5 + o(z?)

Development of 1+ zv/1+ z — i

First,
x 22 2P 3
Viter=14-——+ —+o(z”) (0.5pt)
2 8 16
Thus,
z2 28 3
x\/1+x:x+?—§+o(9: )
Also,
. z3 3
sing =z — & + o(z”) (0.5pt)
Using
u? 3
e'=14u+ = + 5 + o(u?), (0.5pt)
with
3
u=z—— +o(z*),
6
we get
‘4 x?
M =142+ -5 1 o(z?) (0.5pt)
Hence _
14+zv14+ax—eMm?
2 28 x? 3
=1+ <x+28> - <1+x+2> +o(z”)
3
=-g+ o(z®)  (0.75pt)
Therefore,
] 3
l+avi+z—em® = f% + o(z?)
ii. Deduce
lim f(x)
z—0
Using the previous developments,
3
—5 to@”)
f(aj) = 9523 3
—% +o(z?)
Thus,
3
—z 4 0<x3) =1
. P} _ 2 _
lim f(z) = lim —3 o) | = 4 (0.5pt)
Therefore,
lim f(z) =4




Solution 4 (5 pts)

Solve the following differential equations: 1)

, x
" =0
Yy 1+x2y
, x
= — 0.5pt
V=Y (0.5pt)
We write
dy @
dx_l—i—ny
dy T
- =——d 0.5pt
y 1+ 2% (0-5p1)

Integrating both sides:

Hence,

y= Ce% ln(1+a:2)

y = Celn V1+ax2
we obtain

y(z)=CV1+22|  (0.5pt)
where C' € R.
2)
v =2 ty=e"

General solution Yo =Yn + Yp

Step 1: Solve the associated homogeneous equation

y' =2y +y=0
The characteristic equation is
r2—2r4+1=0 (0.5pt)

Thus, the double root is
r=1

Therefore, the general solution of the homogeneous equation is

yn(x) = (C1 + Cow)e” (0.5pt)

Step 2: Find a particular solution
The right-hand side is

—T

e
We look for a particular solution of the form

x

yp = Ae” ‘because -1 is not a root of the characteristic equation

(0.5pt)



Then

Substituting into the equation:

Ae™™ —2(—Ae )+ Ae P ="

4Ae™ ="
Hence,
4A=1
A= L (0.5pt)
= 4 . p
Thus,
1
yp(z) = 1€ r (0.5pt)

General solution

L1
ya(@) = yn +yp = (C1 + Cox)e” + e (0.5pt)

where Cl, Cy e R.

Solution 5 (2 pts)

Let 5
oty
f(SU, y) - T2 4 yg
1) Calculate the partial derivatives
of of
- d —=.
Ox an oy

Partial derivative with respect to x

f(x,y) 0 a*+uwy

_ 9 (22 + y)(2® + y*) — (2 + 2y)(2x)
Ox Ox " z2 +y?

) = T (0.75pt)

Thus,
Of (x,y)  2a° + x?y + 2xy® + y° — 22° — 22%y
or (22 +y?)?

of (x,y)  —a?y+2xy* +1°
i e (0.25pt)

Partial derivative with respect to y

z(z® +y*) — (2° + 2y)(2y)
(22 + y2)2

of(x,y) g(xQ—l—xy

oy~ oy g (0.75pt)

) =

Thus,
Of (z,y) _ 2° +ay® — 22%y — 2ay®
dy (22 4+ y2)?

of (x,y) _ a® — 2%y — xy?
o = CETRE (0.25pt)




