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CHAPTER

NUMBERS AND VECTORS

1.1 Bases and Dimension

1.1.1 Bases

Definition 1.1.1 Let (E,+,—) be a k—vector space and let vy,v,, ..., v, be vectors in E. We say that

the set {vy,v,,...,v,} form a basis of E if
1. {v,vy,..., vy} is linearly indendent.

2. {vy,vy,..., vy} is generates E i.e

VveE, dA,A,.,A4,eK v=Av+ v, +.0+ 4,0,

Example 1.1.1 “‘latex Il the vector.space (R%5+) over R, the set
B={v, :(170); 7/22(1,—1)}

forms a basis of R?. Indeed,

1. Linearindependeénce
Letay,a, €R. If

a1 v+ arvy = 0Re,

then
ai1(1,0)+ay(1,-1)=(0,0),

which gives

(g + ay,—ay) =(0,0).



1.1. Bases and Dimension

Thus, we obtain the system

a1 +a; =0,
-0 = 0.
Hence,
a,=0 and a;=0. o

Therefore, the family {vy,v,} is linearly independent.

2. Spanning R?

Letv=(x,v)€ R2. We seek A1, Ay € R such that

V= /\17/1 + /\27}2.

This is equivalent to

which gives the system

From the second eguo

Substituting into the first equation yields

' A -v=x,

Al =x+7.

herefore, for every (x,v) € R?,
(x,9) = (x +v)vy — V2.

Hence, {v,v,} generates R2.
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Chapter 1. Numbers and Vectors

Since the family B is linearly independent and generates R?, we conclude that

B=1{(1,0),(1,-1)} is a basis of R*.

Remarks

1) If one of the vectors vy, 05,..., Uy is the zero vector, then the family {1,75,...,V,} is linearly

dependent.

2) If the number of vectors is greater than the dimension of the vector space, thén the vectors

are linearly dependent.

Example

Consider the vectors in R?:
7=(1,0, 7=(0,1), [@=(23).
The family {if,V, W} is linearly dependent because it containsthree vectors, while

dim(R?) = 2.

1.1.2 Definition of Dimension

Let (E,+,-) be a vector space and let. B be'a basis of E.

The dimension of E, denoted by dim(E), is the number of vectors in the basis B.

Examples

dim(R?) =2

and

dim(R®) = 3|
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1.2. Vector Projection

1.2 Vector Projection

Let

7= (X4 Var Za), b= (Xp, Uiy 2p), b=0.

The projection of @ onto bis given by

7-b -
Projy(ﬁ’) =—=—b
161>
where
a E: XaXp + YValb + 242p
and
151 = Jx2 + v +22.

Example 1
Let

-

7=(3,4n b=(2,0).

The projection vector is

S

—
a .

Projy (@)= b.

=

12

First, we calculate the dot product:

7-D=3x2+4%x0=6.

Next,
16112 = 22+ 0% = 4.
Therefore,
. 6
Proji(@) = 7(2,0)
3
=2(2,0
5(2,0)
=(3,0)
Hence,
p - (3; O)
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Chapter 1. Numbers and Vectors

Example 2

Let
a=(2,3,1), b=(1,0,2).

The projection vector is

Il
s

Proj;(a)

First, we calculate the dot product:

T-0=2x1+3x0+1x2=4.

Next,
1Bl = 12+ 0%+ 22 = 5.
Therefore,
4
Proj»(a) = =(1,0,2
10j3(@) = £(1,0, )
40, 8
45
575
Hence,
4 8
_): _;O;
P (5 5)
““latex

1.3 Plane in Polar Coordinates (2D)

The point (x,v).is expressed in Cartesian coordinates, while (r,0) represents its polar coordinates.

The relations,between the two systems are:

X =rcos0, vy =rsin0,

r=4/x*+7%, 0= arctan(%).

Example:

Let the point have the following Cartesian coordinates:

(x, ) =(3,3).
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1.4. Cylindrical Coordinates (3D)

Determine its polar coordinates (r,0).
Method 1:

First, calculate the radius:

Next, calculate the angle:

)
[l
o
=
(@)
—
o
o]
—
W[ W R
~——

:arctan( )
_r
4
Therefore,
(r,0) = (3x/§,5)
4
Method 2:

We use the following relations:

cos@:?, sinf = =.
Thus,
0 3 1 V2
cosfz —=—=—,
3WV2 V2 2
SN 1 V2
sin=—=—=—.
3vV2 V2 2
Consequently,

1.4 Cylindrical Coordinates (3D)

The point (x,v,z) is expressed in Cartesian coordinates, while (r,0,z) represents its cylindrical

coordinates.
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Chapter 1. Numbers and Vectors

The relations are:

X =rcos0,
v =rsin0,
z=2z,

r=Jx2+72,

0= arctan(z).
X

Example:

Let the point have the following Cartesian coordinates:
(x,1,2)=(2,2,5).

Determine its cylindrical coordinates (r,0, z).

r=/x2+p?

=V22+

Calculation of the radius:

Calculation of the angl

()
X
= arctan( 5]
— arctan 2
_r
4

Finally,
o z=5.

re, the eylindrical coordinates are:

(r,0,2) = (2\/5, %,5) .
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CHAPTER

REAL-VALUED FUNCTION

2.1 Review of elementary function

2.1.1 Exponential function

Definition 2.1.1 We call exponential function the unique differentialle function on R such that
f’=fand f(0) =1, we denote this function by

exp : R —]0;+o0] (2.1)

x — exp(x) (2.2)

Remark 2.1.1 For xinR, wé also write e* for exp(x)

Proposition 2.1.1 Vx,y € R

1. etV =¢%e?

5. exp iR —]0;+o00], is a continuous and differentiable on R and (e*) = .
6. _the exponential function is strictly increasing on RR.

7. ¥xeR,e*>0

Particular limits



Chapter 2. Real-valued function

lim e* =400
X—>+00

|
lim =
x—0 X

1
1

lim (1+-)"=e

X—+0o0 X

2.1.2 Logarithm function

lim ¢*=0

X—>—00
e —1

lim
x—0 X

lim(1 +x)'1? =e
x—0

lim x"e* =0
X—>—00

Definition 2.1.2 The inverse function of exp : R —]0;+oo] is called.a logarithm function In.and

defined by

In :]0;+o0[— R (2.3)

Proposition 2.1.2 Vx,y € R}
1. In(xy)=Inx+Inyp

X
2. In==Inx-1In
v %

1
3. In—=-Inx
X

4. Inx"=nlnx

U1

(@)

Remark 2.1.2 1. VxeR,Ine* = x.

2. Vx €)0;+o0[,e™¥ = x.

x—lInx (2.4)

1
. In:]0;+00[— R, is a continuops and differentiable on ]0;+oo[ and (In(x))" = ot

. the function In is strictly increasing on |0;+co|.
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2.2. Trigonometric functions

2.1.3 Exponential of base a

Definition 2.1.3 For any positive number a > 0, and a # 1, an exponential function of base a is

defined by

f: R —]0;+00] (2.5)
x = a* = ¢*ne (2.6)
The function x — a* defined on R to ]0;+oo], continuous, differentiable and satisfies:
1. (@) = ("M% =1Inae*'™™? = ¢¥Ing,Vx € R.
2. For a> 1, the function x — a* is strictly increasing and lim a* =*oo0.

X—+00

3. For 0 <a<1, the function x — a* is strictly decreasing and/ lim a* = Q.
X—+00

2.2 Trigonometric functions

2.2.1 Sine and Cosine function

Function sin(x)  cos(x)
definition of domain R R
Parity odd even
Period T=2n T=2x
Derivative cos(x) —sin(x)
Range [-1;1] [-1;1]
Particularlimits

Properties: The sine and cosine functions satisfy the following properties, Vx € IR

2

1. cos?x+sin’x=1

1+ cos2x

2. cosix=—"7"
2

. 1 —cos2x

3. smzx:T
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Chapter 2. Real-valued function

4. sin(2x) = 2sinxcosx

2 2

5. cos(2x) = cos?x —sin®x =—1+2cos?x =1-2sin’x

Addition formula

* sin(a+b)=sina-cosb+sinbcosa;
* sin(a—b)=sinacosb—sinbcosa;
e cos(a+b)=cosacosb—sinasinb;

* cos(a—b)=cosacosb+sinasinb.

The tangent and cotangent function

Function Notation Domain Parity Period Range
Tangent function  tanx = igi R-{A=542kn} Odd /T=m R
Cotangent function cotx = oot R—{B =k} Odd T=m R
sinx

1
We have the equality cotx = -~ Vx elR—-{AUB}

anx
Addition formula

tan(a + b) tana+tanb
e tan(a = — S
1—tana tanb

tana —tanbh

ot )= —4/————
an(a—b) 1+tana tanb

Derivatives and variations

(tanx) = =1+tan’x >0, Vx € R-{A}, so, tan is strictly increasing.
cos? x

(cotx) = m5—=—(1+ cot?x) < 0,Yx € R—{B}, so, tan is strictly decreasing.
sin” x

Graphs

2.2.2 Solution of trigonometric Equations

) ) x=a+2km
1. sinx =sina = keZ

x=mn—-a+2kn

x=a+2km
2. COSX =Cosa = keZ

X =—a+2kmw

Dr. Berrehail page 12



2.3. Hyperbolic Function

3. tanx=tana =>x=a+kmn;, keZ.

X=a+krm
4. ifsin®x = sin®a or cos®x = cos’a or tan’x = tan’a = keZ.
x=-a+kmn

2.3 Hyperbolic Function

2.3.1 Hyperbolic sine and cosine function

Definition 2.3.1 Given a real x, we call hyperbolic sine of x, dented sinh(x), the function.defined

by

sinh : R—~R

X > sinh(x) =

Definition 2.3.2 Given a real x, we call hyperbolic coSine of x, dented cosh(x), the function

defined by

e’ +e "
x > cosh(x)=
2
Proposition 2.3.1 1. We have
2x <2x 2x —2x
et +e t+2 et +e =2
cosh? x —sinh?x = = =1,

4 4
thus

cosh?—sinh? = 1

2. sinh and cosh arelcontinuous and differentiable on R, where

X+ —X
VxeR, (sinhx) = € TC  _coshx
X X
VxelR, (coshx) = =sinhx
X _ ,X X _ =X
3. Eor all x € R, we have sinh(—x) = ¢ 5 c ot 2e = —sinh(x), so sinh is odd,
and
X _ =X —X 4 X
cosh(—x) = ¢ 2e S > ¢ - cosh(x), so sinh is even.
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Chapter 2. Real-valued function

1. We have (sinhx)’ > 0, then sinh is strictly increasing on R,

lim sinh(x) = —oc0; lim sinhx = +oo, sinh(0) =0
X——00 X—>+00
X —00 0 + 00
(sinhx)’ +
+ oo
sinh(x) J/
—0
S0
Rang(sinh(x)) = R.

and (cosh(x)) =sinh(x) =0 x=0

a) If x>0 < (cosh(x)) >0,

so, cosh is strictly increasing on [0;+0o[. b) If x < 0 (cosh(x))’ <0,
so, cosh is strictly increasing on | —oo;0].

lim cosh(x) = +oco; aulim cosh x = +oo, cosh(0) =1
X—>—00 X=+00

SO

Rang(cosh(x)) = [1;+o0].

2.3.2 Hyperbolic tangent and cotangent function

Definition 2.3.3 Given a real x, we call the hyperbolic tangent of x denoted tanh(x), the function
defined by

tanh : Re]-1;1]
_ sinh(x)
X > tanh(x) = Cosh(x)’

Definition 2.3.4 Given areal x, we call the hyperbolic cotangent of x denoted coth(x), the function
defined by

coth : R'—]—o00;—1[U]l;+00|
cosh(x)
) h(x) = .
x + coth(x) STh()

Dr. Berrehail page 14



2.3. Hyperbolic Function

; h - X _ =X 2,\‘_1
Proposition 2.3.2 1. We have tanh(x) = sinh(x) _ e”—e €

cosh(x) eX+e™ 241’

1 !
2. For x #0, We have  coth(x) = = ¢ ,+ )
tanh(x) e -1

3. tanh is continuous and differentiable on IR:

(tanh(x))'z(ilii((i)))— L tank2(x)

- cosh?(x)

4. coth is continuous and differentiable on R*:

(coth(x)) = (Zi;}:((;))) S S coth?(x).

- sinh?(x)

5. We have Vx e, tanh(—x) = —tanh(x) and ¥x € R*, coth(—x) = —coth(x);

then, tanh and cosh are odd functions.

6. Yx € R, We have (tanh(x))’ >0,

so, tanh is strictly increasing on R.

lim tan(x)=-1; lim tanhx =1, tanh(0) =0

X—>—00 X—>+00

SO

Rang(tanh(x))=]-1;1].

7. ¥x € R* We have  (e0th(x)) <0,
so, coth is strictly decreasing on IR

lim ‘coth(x) =-1; lim coth(x)=1,

X—>—00 X—>+00

lim coth(x) = —+0c0; lim coth(x) = —oo,
x—0* x—0~

S0

Rang(coth(x)) =] — o0; —1[U]1; +0o0|.
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