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0.1 Continuous functions

0.1.1 Continuouty at a point

Definition 0.1.1 Let ] C Rand f : I — R, be a function and let xy € I, we say that f is

continuous at xg if

lim £ (x) = f (xo)-

X—Xq

One-sided continuity

* f isleft continuous at a point xo, if  lim f(x) = f(xq).
X—)XO

* f isright continuous at a point xo, if ~ lim f(x) = f(xo).
X—)XO

* fis continuous at a point xp, &  lim f(x) = 1im+f(x) = f(xp).
X=Xy X=X
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0.1.2 Continuity on a interval

Definition 0.1.2 A function f is continuous over an interval I, if it is continuous at every point

in the interval.

More precisely:

* f is continuous on the open interval ]a;b[, if f is continuous at every point in the

interval ]a; b[.

* fis continuous on the closed interval [a;b], if f is continuous on ]a; b[, continuous form

the right at 4, and continuous form the left at b.

Remark 0.1.1 .
 Every polynomial function is continuous on R.
* Every rational function is continuous on its domain.
* sin and cos are continuous every where on IR.

* The square root is continuous on R*.

0.1.3 Intermediate Value Theorem (IVT)

Theorem 0.1.1 (Intermediate Value Theorem) Let f : [a,b] — R be a function such that
* f is continuous on the closed interval [a,b].
» Let k be any number between f(a) and f (D).

Then, there exists at least one ¢ € (a,b) such that

fle)=k.

Theorem 0.1.2 (Intermediate Value Theorem — Common Form) Let f : [a,b] — R be a function

such that

» f is continuous on the closed interval [a, b].

* f(a)f(b)<0.
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0.1. Continuous functions

Then, there exists at least one ¢ € (a,b) such that

fle)=o.

Example 1 (1) We will show that the equation x°> — 3x + 1 = 0 has at least one root in (0, 1).

For this, we define the continuous function f : [0,1] — R as follows:
flx)=x>=3x+1.

It follows that
f(0)=1>0 and f(1)=-1<0.

So, as a result of the Intermediate Value Theorem, there exists at least one ¢ € (0, 1) such that
fle)=c®>=3c+1=0.

As a consequence, the equation x> —3x+ 1 =0 has at least one root in (0,1).
Example 2 Show that the equation 4x° — 6x% + 3x—2 = 0 has a solution in the interval [1,2].
Consider the function

f(x)=4x>—6x>+3x-2

over the closed interval [1, 2].
The function f is a polynomial, therefore it is continuous on [1, 2].
We have
f(1)=-1 and f(2)=12,

hence f(1) f(2) <O0.

By the Intermediate Value Theorem, there exists a value ¢ € (1, 2) such that

that is, there exists at least one solution to the equation f(x) = 0 in the interval (1, 2).

7_x241 =0, has at least one solution in the interval

Example 3 Show that the equation x
[=[-2,0]

Let f(x) =x” —x?+1. f is continuous on R (polynomial), then f is continuous on I = [-2, 0].
f(=2)=-123<0and f(0)=1>0& f(-2) f(1)<O.

Therefore by IVT the equation f(x) = 0 has at least one solution a €]-2;0[, such that f(a) = 0.
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0.1.4 Inverse functions and the monotonic bijection theorem

Theorem 0.1.3 Let f : I — R be a function defined on a closed interval I and suppose that f is

monotonic on I. Assume that f is continuous and strictly monotonic on I. Then:
1. f:I— f(I)is bijective.

2. The inverse function =1 : f(I) — I exists, and it is continuous and strictly monotonic on

fI).

Example 0.1.1 Let the function
f:]-00,0] >R, xr f(x)=x"

The function f is continuous and strictly decreasing on | —o0,0], according to the bijection
theorem.
f:]=00,0] = f(]=e0,0]) = [0, +oo]

is bijective, and

fLi[0,400[>]-00,0], V> x=—1

is continuous and strictly monotonic (decreasing).
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0.2. Applications: inverse trigonometric and hyperbolic functions

0.2 Applications: inverse trigonometric and hyperbolic functions

0.2.1 The Arccosine Function

The cosine function cosx is continuous and strictly decreasing on the interval [0, 7], so,

cos:[0;7t] — [=1;1] is a bijection Therefore, it admits an inverse function defined by

arccos : [-1,1]— [0, rt].

Graph of the function cos

Graph of the function arccos

Properties

1. arccos is continuous and strictly decreasing on [-1;1].

2. arccos is differentiable on |- 1;1[ and

Vxe]-1;1] (arccos(x)) =- !
1 —x?
More generally:
: f1x)
Y -1;1 - _
x €] [ (arccos(f(x))) T

3. Vxe[-1,1] cos(arccos(x)) = x,

4. VYxe[0,7t] arccos(cosx)=x,
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5. Yx€]-1;1[ sin(arccosx) = V1 —x2.

Example 0.2.1 sin(arccos(=))=+/1 (=)= 1/
2

sin(arccos(g))

0.2.2 The Arcsine Function

The sine function sinx is continuous and strictly increasing on the interval [=F, 5], so, sin :

2’
[, 5] — [~1;1] is a bijection Therefore, it admits an inverse function defined by

arcsin: [-1;1] — [

Graph of function sin

Graph of function arcsin
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0.2. Applications: inverse trigonometric and hyperbolic functions

Properties
1. arcsin is continuous and strictly increasing on [—1;1].

2. arccos is differentiable on |- 1;1[ and

Vxe]-1;1] (arcsin(x)) =

More generally:
| W
Vxe]-1;1] (arcsin(f(x))) = ———
3. Vxe[-1,1] sin(arcsin(x)) = x,
4. Vxe[5, 5] arcsin(sinx) =¥,

5. Yx€]-1;1[ cos(arcsinx) = V1 —x2.

0.2.3 The Arctan Function

The function tan is continuous and strictly increasing on the interval |5, 5[, so, tan :]5, 5[—

R is a bijection Therefore, it admits an inverse function defined by

[

—TC
arctan : R —>]7,

ol X

Graph of funetion arctan

Graph of function tan

Properties

1. arctan is continuous and strictly increasing on RR.
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2. arctan is differentiable on IR and

Vxe€ (arctan(x)) = ! +1x2'
More generally:
YxeR (arctan(f(x))) = %

3. VxeR tan(arctan(x)) = x,
4. Vx €)=, 5[ arctan(tanx) = x,

5. ¥x€R cos?(arctanx) =

1+x2

Remark 0.2.1 arctan(x) # arcsin(x)
arccos(x)

0.2.4 Inverse hyperbolic cosine Function

The function cosh is continuous and strictly increasing on the interval [0,+o0[, so, cosh :

[0, +0c0[—> [1,+0o0] is a bijection Therefore, it admits an inverse function defined by

arcosh : [1,+oo[—> [0, +o0].

cosh I

Graph of function arcosh
Graph of function cosh

Properties

Dr. Berrehail page 8



0.2. Applications: inverse trigonometric and hyperbolic functions

1. arcosh is continuous and strictly increasing on [1;+co[.

2. arcosh is differentiable on |1;+oo[ and

Yx €]l;400[ (arcosh(x)) =

-1
3. The function arcosh is neither even nor odd because its domain is [1;+oo[.
4. VYx e[l,400[ cosh(arcosh(x))=x,
5. Vx €[0,+00] arcosh(cosh(x))=x,
6. Yx €]l;4+00[ sinh(arcosh(x)) = Vx2-1.
Lagarithmic expression Vx € [1,+o0[ arcosh(x)=In(x+ Vx2-1).

Example 0.2.2 Solve the equation using two different methods
h(x)==.
arcosh(x) g

Method 1

5 -
We have arcosh(x) = In(x + Vx2-1) = S et X2—1=e¢? o Vx2—1 = ¢3 —x such that
X € [l;e%]

5 =5
2+1 el+er

ox2-1=x2+e5-2xe? & x = = = €[1;e3]
2e2 2
5 =5
= ez +e?
Method 2: arcosh(x)=3 & x = cosh(%) S x=
2

0.2.5 Inverse hyperbolic sine Function

The function sinh is continuous and strictly increasing on R, so, sinh : R — R is a bijection

Therefore, it admits an inverse function defined by

arsinh : IR — IR.

Properties

1. arsinh is continuous and strictly increasing on RR.
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sinh arsinh

Graph of function arsinh
Graph of function sinh

2. arsinh is differentiable on R and

VxeR (arsinh(x)) = :
x2+1

3. The function arsinh is odd.
4. YxeR sinh(arsinh(x)) = x,
5. YxeR arsinh(sinh(x)) = x,
6. ¥xeR cosh(arsinh(x)) = Vx2+ 1.
Lagarithmic expression Yx € [1,+oc0[ arsinh(x) =In(x + Vx2+1).

Example 0.2.3 Solve the equation using two different methods

inh(x) = =.
arsinh(x) 5
Method 1
5 5
We have arsinh(x) = In(x + Vx2+1) = 5 X 1= o Vx2_1=e>—x such that
xe[l;e%]
5 =5
= 5 2—-¢2 2
o l=2+ el ox=’ 26 €]—o0;e?]
. 5 . 5 e%_e;;
Method 2:  arsinh(x) = 3 & x =sinh(5) & x =
2
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0.2. Applications: inverse trigonometric and hyperbolic functions

0.2.6 Inverse hyperbolic tangent Function
The function tanh is continuous and strictly increasing on R, so, tanh : R —]—1;1[ is a

bijection Therefore, it admits an inverse function defined by

artanh:]-1;1[— R.

2 artanh

1 tanh

-1

Graph of function tanh

Graph of function artanh

Properties

1. artanh is continuous and strictly increasing on |- 1;1[.

2. artanh is differentiable on |- 1;1[ and

1
Vx€]-1;1[ (artanh(x)) = —.
1-x
3. The function artanh is odd.
4. ¥x€]-1;1[ tanh(artanh(x)) = x,
5. Vxe R artanh(tanh(x)) =x,
1
6. Vxe]-1;1[ cosh(arsinh(x)) = .
V1 -—x2
. . . 1 1+x
Lagarithmic expression Yx €]—1,1[ artanh(x) = 5 ln( - )
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Example 0.2.4 Solve €] -1, 1[ the equation

artanh(x) =1n3.

1 1+x I+x 1+x
We have artanh(x)_Eln(l_X)_ln(3)<:>1n(1_x)_ln(9)<:>1_X_
o x= 5 2
1005

9
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